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FAILURE OF CANCELLATION FOR
DIRECT SUMS OF LINE BUNDLES

RICHARD G. SWAN

ABSTRACT. In answer to a question of Murthy and Wiegand, examples are given
of finitely generated projective modules L of rank 1 over a commutative ring
R such that L@ L~! is stably free but not free.

Examples are also given of projective modules for which the determinant
map det: Aut(P) — R* is not onto. Some related topological questions are
also discussed.

The following question was raised independently by M. P. Murthy and R.
Wiegand.

Question. Does there exist a commutative ring R and a finitely generated pro-
jective module L over R of rank 1 such that L @ L' is stably free but not
free?

I will show here that the answer is affirmative. We can even assume that
Lo L '"®R is free.

Theorem 1. There exist rings R of the following types with a finitely generated
projective module L over R of rank 1 such that L& L~ @R is free but L& L~!
is not free.

(1) R is a sub R-algebra of R[x, y], finitely generated over R, and with
quotient field R(x, y).

(2) R is a smooth rational domain of dimension 3, finitely generated over
R.

(3) R is a rational domain of dimension 5, finitely generated over C.

(4) R is a smooth rational domain of dimension 1, finitely generated over
C.

The examples will be constructed explicitly but the proof that L @ L~! is
not free will use topological methods as in [SV]. In §§7 and 8, we give examples
of projective modules P such that the determinant map det: Aut(P) — R* is
not onto.

All topological spaces considered here will be assumed to have the homotopy
type of CW-complexes.
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1. SO(n) AND SU(n) BUNDLES

It is well known that real and complex vector bundles can be thought of
as O(n) and U(n)-bundles since the inclusions O(n) C GL,(R) and U(n) C
GL,(C) are homotopy equivalences. In our construction, it will be more conve-
nient to consider SO(n) and SU(n)-bundles. These are equivalent to SL,(R)
and SL,(C)-bundles, i.e., to vector bundles with a continuously varying choice
of volume element on each fiber or, equivalently, to vector bundles E with a
chosen trivialization of A" E where n = rk E. Such bundles over a space X
are classified by the sets of homotopy classes [X, BSO(n)] and [X, BSU(n)]
while vector bundles are classified by [X, BO(n)] and [X, BU(n)]. See [HFB,
SFB]. Here, free homotopies are considered rather than homotopies preserving
a basepoint (i.e., we are working in the category of spaces without basepoint).
This distinction is unnecessary for BSO(n), BSU(n), and BU(n) since these
spaces are simply connected (see Corollary 9.2).

The maps [X, BSO(n)] — [X, BO(n)] and [X, BSU(n)] — [X, BU(n)]
correspond to forgetting the choice of volume element. It is well known that
the image of [X, BSO(n)] — [X, BO(n)] consists of those vector bundles E
with w,(E) = 0 while the image of [X, BSU(n)] — [X, BU(n)] consists of
those vector bundles E with ¢;(E) = 0. This follows easily from the fibrations
BSO(n) —» BO(n) —» B{x1} and BSU(n) —» BU(n) — BS'.

Let * denote the trivial homotopy class.

Lemma 1.1. The inverse image of x under [X, BSO(n)] — [X, BO(n)] or

[X, BSU(n)] — [X, BU(n)] consists of = alone.

Proof. The fibrations {£1} — BO(n) — BSO(n) and S! —» BU(n) —» BSU(n)

show that the inverse images in question are the images of the maps [X, {£1}]
— [X, BO(n)] and [X, S!'] — [X, BU(n)]. These are trivial since the maps

{£1} - BO(n) and S' — BU(n) are homotopic to constant maps.

It follows that the triviality or nontriviality of the corresponding bundles can
be decided by looking at [X, BSO(n)] and [X, BSU(n)] themselves.

Remark. In spite of this result, the maps [X, BSO(n)] — [X, BO(n)] and
[X, BSU(n)] — [X, BU(n)] are not injective in general. Examples will be
given in §§7 and 8.

2. REAL BUNDLES

Real line bundles L are classified by maps into BC, where C; = {1} is
the cyclic group of order 2. For real line bundles, L~! ~ L, and the functor
taking L to L@ L~! is given by the map [X, BC;] — [X, BSO(2)] which is
induced by the homomorphism C, — SO(2) sending —1 to

(0 )

Let @& denote the trivial line bundle. Then the functor taking L to L &
L' @@ is given by the map [X, BC;] — [X, BSO(3)] which is induced by
the homomorphism C, — SO(3) sending —1 to the matrix
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1 0 0
J=10 -1 0 |.
0 0 -1

Therefore, the universal example for line bundles L with #@®L®L~! trivial
is the fiber X = SO(3)/C, of the map BC, — BSO(3). Let L be the line
bundle on X induced by the map X — BC, or, equivalently, the line bundle
associated with the principal fibration SO(3) — X . It remains to show that
L& L™ is nontrivial.

Recall that a cohomology class o € H"(Y , G) is called spherical if there is a
map Y — S” such that a lies in the image of H"(S", G) - H"(Y, G). Since
HY(Y,Z) =[Y,S'],aclass a € H (Y, Z/2Z) is spherical if and only if «
lies in the image of H'(Y ,Z) —» HY(Y , Z/2Z).

Lemma 2.1. Let L be areal line bundle on Y given by aclass o € H(Y , Z/27Z)
=[Y, BC,]. Then L& L™ is trivial if and only if « is spherical.

Proof. If L&L™! istrivial, the composition ¥ — BC, — BSO(2) is homotopic
to a constant map so Y — BC, factors through the fiber SO(2)/C, = S! of
the map BC, — BSO(2). For the converse, we first observe that the homotopy
sequence of the fibration S' — BC, — BSO(2) shows that Z = #;(S!) —
n1(BC,) = Z/2Z is onto. Therefore H'(BC,, Z/2Z) — H'(S', Z/2Z) is an
isomorphism. If a is spherical, let f: Y — S! such that « is the image of
the generator of H!(S', Z/2Z) under the induced map f*: H!(S', Z/2Z) —
H\(Y,Z/2Z). Since H\(Y, Z/2Z) = [Y , BC,], the diagram

y L st

N
Y —— BG

commutes up to homotopy showing that o is homotopic to a map into the fiber
and so the composition Y — BC, — BSO(2) is homotopic to a constant map.

Corollary 2.2. Let L be areal line bundleon Y. If H(Y ,Z) =0 and L& L™!
is trivial, then L is trivial.

Now the universal covering of SO(3) is S* — SO(3) sending a unit quater-
nion g to the map x — gxg~! on Ri+ Rj + Rk. This map sends i to the
matrix J above so we see that the universal covering of X is S* — S3/(i) = X
In particular, 7;(X) = Z/4Z showing that H'(X, Z) = Hom(n;(X), Z) = 0.
The homotopy sequence --- — m;X — 71;BC; — m;BSO(3) = 0 of the fibra-
tion X —» BC, — BSO(3) shows that ;X — m;BC, is onto and therefore
HY(BC,, Z/2Z) — H'(X, Z/2Z) is an isomorphism so the class of L is non-
trivial. Therefore L @ L~! is nontrivial by Corollary 2.2.

We can obtain a 2-dimensional example as follows. The fibration SO(2) —
SO(3) — §2 gives us a fibration S! = SO(2)/C; — SO3)/C, — S?. The
homotopy sequence of this shows that n;S' — 7, X is onto. Let n > 0 be
divisible by 4. Since n,(X) = Z/4Z, we get amap Y = S'U,e? — X inducing
an epimorphism of n;. Here Y is obtained by attaching a 2-cell to S! by a
map of degree n on the boundary. The composition ¥ — X — BC, gives us a
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bundle L' on Y which is nontrivial since ;Y — m;BC, is onto and therefore
HY(BC,, Z/2Z) - H'(Y, Z/2Z) is an isomorphism. Since H'(Y,Z) =0, it
follows from Corollary 2.2 that L'@ L'~} is nontrivial. Of course, L'® L~ @
is trivial since L’ is induced from L.

We have therefore proved the following result (where & denotes the trivial
line bundle).

Theorem 2.3. There exist topological spaces X of the following types with a real
line bundle L over X of rank 1 such that L& L' & @ is trivial but L & L~!
is not trivial.

(1) X is a finite 2-dimensional complex.
(2) X is a smooth 3-manifold.

Applying Theorem 6.3 of [SX], we get the following weaker version of The-
orem 1(1).

Corollary 2.4. There is a finitely generated R-algebra R of dimension 2 with a
finitely generated projective module L over R of rank 1 such that L& L~ '@ R
is free but L & L~" is not free.

3. COMPLEX BUNDLES

Complex line bundles are classified by maps into BS!. As in the real case
we consider the fiber X = SU(3)/S' of the map BS! — BSU(3) induced by
the homomorphism S! — SU(3) sending a to the matrix

1 0 O
(3.1) 0 a O .
0 0 ol

Let L be the line bundle on X induced by the map X — BS! or, equiva-
lently, the line bundle associated with the principal S'-fibration SU(3) — X .
As in the real case, @ ® L ® L' is trivial and it only remains to show that
L& L~! is nontrivial.

Consider the homomorphism S' — SU(2) sending o to the matrix

a 0
(3.2) (0 o= ) .
We have an isomorphism S$3 = SU(2) sending a unit quaternion a + bj with
a, b € C to the matrix

a b

(3.3) (—5 E) .

Under this isomorphism, the matrix (3.2) corresponds to the quaternion o.
Therefore SU(2)/S! = 53/S! = §2 by the usual Hopf map S* — S2. The
inclusion SU(2) ¢ SU(3) induces an inclusion S? = SU(2)/S' c SU(3)/S! =
X . Now m4(SU(3)) =0 by [SFB, Theorem 25.4] and the homotopy sequence
of the fibration S' — SU(3) — X shows that m4(X) = 0. Since 74(S?) = Z/2Z
the inclusion map S? — X extends to a map Y = S?U, e3> — X where 5 is
the generator of m4(S2?) = Z/2Z. Let L' be the pullback of L to Y. It will
suffice to show that L' @ L'~! is nontrivial.
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Lemma 3.1. Let L be a complex line bundle on a space Y given by a class
a€ HX(Y,Z)=[Y, BS']. Then L& L™ is trivial ifand only if a is spherical.
Proof. If L® L~! is trivial, the composition X — BS! — BSU(2) is homo-
topic to a constant map so X — BS' factors through the fiber SU(2)/S' = §?
of the map BS! — BSU(2). The converse follows in the same way as in
Lemma 2.1. Note that, since BSU(n) is 3-connected, the spectral sequence
of the fibration SU(n)/S' — BS' — BSU(n) shows that H*(BS',Z) —
H%*(SU(n)/S', Z) is an isomorphism. Therefore the maps S? — Y — X —
BS! all induce isomorphisms of H?(—, Z).

If L' ® L'-! is trivial, the generator of H2(Y, Z) will be spherical so by
Lemma 3.2 below, m4(S?) — m4(Y) will be injective but this is impossible
since 7 maps to 0 in my(Y).

Lemma 3.2. Let Y be a topological space and let f: S" — Y . Suppose there is
an element o € H"(Y , Z) such that f*(a) =1 is a generator of H"(S", Z). If
a is spherical, then f has a homotopy left inverse.

In other words there isa g: Y — S” such that gf ~ 1. This implies that
7;(S") — m;(Y) will be injective for all i.

Proof. We can find amap g: Y — S” such that the composition S" — Y — S”"
induces an isomorphism of H"(—, Z). Therefore it has degree 1 and so is a
homotopy equivalence of S” with itself.

We have now proved the following result.

Theorem 3.3. There exist topological spaces X of the following types with a
complex line bundle L over X of rank 1 such that L® L~' ® @ is trivial but
Lo L' is not trivial.

(1) X is a finite 5-dimensional complex.

(2) X is a smooth 7-manifold.

Applying Theorem 6.3 of [SH], we get the following weaker version of The-
orem 1 (3).

Corollary 3.4. There is a finitely generated C-algebra R of dimension 5 with a
finitely generated projective module L over R with rank 1 such that L& L™ '&R
is free but L ® L™ is not free.

4. ALGEBRAIC EXAMPLES (REAL)

I will now show that the bundles considered in §2 can be realized over affine
subrings of the rings of continuous functions on the spaces considered.

Let C = R[x, y]/(x2+y*—1) Cc C(S'). The map S' — S! of degree n
given by z — z" if S! = {z € C||z| = 1} induces a map J,: C — C by

On(x) = cn(x,y) and 6,(y) = su(x, y) where cos(nf) = c,(cos @, sinf) and
sin(n@) = s,(cos @, sin @) . We have C® C = C[x, y1/(x2+y*-1)=C[t, t7}]
where t = x + iy. If ¢ denotes complex conjugation, ¢’ = ¢ ® 1 acts on
C[t, t7'] by c'(t) = t~!. The map &, is given by J,(¢) = t". In particular,
J, is injective. It also follows that the group of units U(C) is the subgroup of
U(C® C) fixed by ¢’ which shows that U(C) = R*.
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Let u,, the group of nth roots of 1, act on C® C = C[t, t~!] by letting
{ € u, send t to {t. This commutes with the action of ¢’ and so induces an
action of u, on C. Since C[t, t~']*» = C[¢", t™"] and /(") = t™" we see
that C# ~ C. Moreover, the composition C ~ C# — C is just J, since it
sends ¢t to ¢".

By [SM, Theorem 9.2(a)], we know that Pic(C) = Z/2Z. 1 will recall the
argument since similar methods will be applied to other cases below.

Definition. If 4 C B is a ring extension, write P,(B/A) for the set of isomor-
phism classes of finitely generated projective 4A-modules P such that B4 P =~
B".

The familiar galois descent argument [SCL] works without change for galois
extensions of rings. A discussion of galois ring extensions can be found in [SN,

§2].

Theorem 4.1 (galois descent). If A C B is a galois extension of rings with galois
group G, then P,(B/A) ~ H'(G, GL,(B)).

This is just a reformulation of Speiser’s descent theorem [SN, Proposition
2.5] since two actions of G on B”" differ by a cocycle and isomorphic actions
lead to cohomologous cocycles.

Corollary 4.2. If A C B is a galois extension of rings with galois group G then
HY(G, B*) = ker[Pic(4) — Pic(B)].

By applying this to the galois extension C ¢ C® C and using the fact that
C® C = C[t, t7!] has Pic = 0, we see that Pic(C) = H (G, C[t, t7']*) =
HY(G,C* xZ)= H\(G, Z) = Z/2Z, where G is of order 2 generated by com-
plex conjugation, which acts on Z = (t) by negation. Since the isomorphisms
of Theorem 4.1 and Corollary 4.2 are natural, we can compute the effect of 4,
on Pic(C) by observing that J, acts as n on Z, and therefore J, also acts
by multiplication by n on Pic(C).

We now consider the space Z, = S! U, e2 which can be obtained as the
pushout of the diagram

St —— Z,

where f is the map of degree n considered above which induces d,: C — C.
We always assume that n > 0. Let B, be the pullback in the diagram

B, <= Rlx,y]

(4.1) l l

c %>, ¢

Then B, is a ring of functions on Z,. Tensoring (4.1) with C gives the
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diagram
C®B, — Clx,y]

(4.2) l 1

Clt, t7'] —— C[t, 7]
where d,(t) = t". Note that J, is injective so B, — R[x, y].
Lemma 4.3. Let R be the pullback in the diagram

R < R
Lk
R2 — R

where g is onto. If R’ is finite over R, then R, is finite over R.
Proof. If S C R, and g(S) generates R’ as an Rj;-module, then S U {1}
generates R; as an R-module as is easily verified.

This shows that R[x, y] is finite over B, and hence B, is of finite type
over R by [AT, Theorem 1].
The (U, Pic) Mayer-Vietoris sequence [B, Chapter IX, Theorem 5.3] for

(4.1) shows that 0 — Pic(B,) — Pic(C) - Pic(C) is exact. Since Pic(C) =
Z/2Z, we see that Pic(B,) = Z/2Z for n even and 0 for n odd.

Theorem 4.4. Let n > 0 be divisible by 4. Let P represent the nontrivial element
of Pic(B,). Then P @ P~! is not free but P® P~! @ B, is free.

This proves Theorem 1(1). The following lemma and the results of §2 show
that P @ P! is not free.

Lemma 4.5. The map Pic(B,) — [Z,, BO(1)] = H(Z,, Z/2Z) is an isomor-
phism.
Proof. If n is odd both groups are 0. If » is even,

HY(Z,,7/2Z) - H(S', 7./27Z)
nd Pic(B,) — Pic(C) are isomorphisms. The result follows since Pic(C) —
H'(S', Z/2Z) is an isomorphism by [SM, Theorem 7.1].

The fact that P® P~! @ B, is free for n =0 (mod4) follows easily from
the following result.

Theorem 4.6. Ko(B,) =0 for n odd. If n=2 (mod4) then Ko(B n) = L[/4L

generated by P, the generator of Pic(B,). If n =0 (mod4), then KO(B ) =
(Z/22) & (2,/2Z).

The proof will be given below. It follows from this that if » =0 (mod4),
then [P® P~'] = [P ® P] = 2[P] = 2[B,], showing that P @ P~! is stably free.
Since dim B, = 2, Bass’ cancellation theorem [B, EE] shows that P& P~ @ B,
is free as required. Note that if n =2 (mod4), then 2[P] = —2[B,] is not 0
in Ko(B,) so P& P~! is not stably free.
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Lemma 4.7 (Milnor). SK,(C) = Z/2Z, with generator n represented by the

matrix
X Yy
_ y X °

See [B, p. 714]. Note also that SK;(C® C) = SK;(C[t, t™!]) = 0 since
C[t, t7'] is Euclidean.

Corollary 4.8. The transfer map U(C® C) = K,(C® C) — K (C) sends t to
n.

Proof. One easily checks that under the isomorphism C® C ~ C?, multiplica-
tion by ¢ corresponds to the matrix of Lemma 4.7.

Corollary 4.9. The map SK,(C) — SK,(C) induced by J, is multiplication by
n.

This is clear from Corollary 4.8 since J, sends ¢ to ".

Proof of Theorem 4.6. Using Corollary 4.9 and the similar result for Pic proved
above following Corollary 4.2, the (K, Kj) ~Mayer-Vietoris sequence [B, Chap-

ter IX, Theorem 5.3] for (4.1) shows that Ky(B,) = 0 for nodd while, for n
even, we have an exact sequence

(4.3) 0 — SK;(C) — Ko(B») — Pic(B,) — 0,
which is isomorphic to
0 — Z/2Z — Ko(B,) — Z/2Z — 0.

The same sequence for (4.2) shows that for all n, Ko(C® B,) = Pic(C® B,) =
Z/nZ generated by the image of ¢ € K,(C® C) = U(C® C). Assume that n
is even. It is clear from the construction of the boundary map in the Mayer-
Vietoris sequence that the diagram

Ki(C®C) —— Ko(C® By)

! !

Ki(C) ——  Ko(Bn)

is commutative. By Corollary 4.8, we see that the generator of I:(O(C ® B,) =
Z/nZ maps to the generator of the image Z/2Z of SK;(C) in Ky(B,). Con-
sider the composition

Pic(B,) — Pic(C ® B,) = Ko(C ® B,) — Ko(By)
which takes the form
(4.4) Z/2Z — Z/nZ — Z/]2Z = SKo(B,),

and sends P € Pic(B,) to 2[P]— 2[B,] in SKy(B,) C Ko(B,) -

If n =0 (mod4), this composition is necessarily 0 showing that 2[P] —
2[B,] = 0. Since [P] - [B,] maps to P in Pic(B,), the sequence (4.3) splits
and Ko(B,) ~Z/2Z& Z/21.

Now Pic(B,) — Pic(C ® B,) is injective since, by Corollary 4.2, its kernel
is H(G, (C® B,)*) = H'(G,C*) = 0. Therefore if n = 2 (mod4), the
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composition (4.4) is an isomorphism on the 2-components. This shows that
2[P] — 2[B,] generates SKo(By) and hence [P]— [By] generates Ko(By) so
Ko(Bn) =Z/4Z.

To prove (2) of Theorem 1, we will consider the coordinate ring of SO(3)/C,
=83/C4. The group C4 = (i) acts freely on S> and even on its complex points,
i.e. the complex solutions of x3 + ---+ x3 = 1. This is clear since no point x
of $3 has x = —x. Recall the following standard fact.

Theorem 4.10. Let X = Spec A where A is an affine algebra over a field k. Let
G be a finite group of automorphisms of A as a k-algebra. Assume that G acts
freely on X (k) where k is the algebraic closure of k. Then A is a galois ring
extension of the fixed subalgebra A® with galois group G. In particular, A is
finite and étale over A® so AC is smooth over k if and only if A is.

Proof. The extension A/AC is galois with group G if and only if the following
condition holds (see [SN, §2] and references given there).

(%) For all subgroups H of G and all H-stable proper ideals I of
A, H acts faithfully on A4/I.

Suppose this condition is not satisfied. Let ¥ = Spec4/I Cc X. If ¢ # | in
H acts trivially on A/I, then ¢ acts trivially on Y (k). This contradicts the
hypothesis since Y (k) is nonempty by Hilbert’s Nullstellensatz.

It is well known that galois extensions are étale. In fact, it is enough to check
this after making a faithfully flat extension of 4 [R, Chapter II, Proposition
4]. By [SN, §2] we can find such an extension splitting 4 over 4. Finally, 4°
is smooth if and only if A4 is, since smoothness is a local property in the étale
topology ([SGA1, Chapter I, Corollary 9.2] and [SGA1, Chapter II, Theorem
5.5 1, iv]).

Now let A =R[xo, ..., x3]/(x3 +---+x?—1) be the coordinate ring of S>.
Let G=(0:0*=1) actingon A4 by a(xg, X1, X2, X3) = (=X, X0, —X3, X2) .
This corresponds to left multiplication by i on quaternions q = xo + X1 +
X2j + x3k . Let R = AC. Since Pic(4) = 0 [SM, Theorem 9.2], Corollary 4.2
shows that Pic(R) = H'(G, 4*) = H'(G, R*) = Hom(G, R*) = {1} .

Theorem 4.11. Let P represent the nontrivial element of Pic(R). Then P& P!
is not free but P® P~' ® R is free.

This, together with Lemma 4.13 below, proves (2) of Theorem 1.
Proof. The module R@® P & P! corresponds to the cocycle sending o to the

matrix
1 0 0
J=10 -1 0
0 0 -1

in GL;3(A). We will show that it is a coboundary.

Let A = AQgH . We write the elements of A as a = ap+a,i+a,j+aszk with
ai€ A. Let @a=ag—ai —ayj— ask and set Fa = ay. Note that aa =3 a?.
Define (a, b) = Zab . If b = by+b,i+byj+bsk then (a, b) =Y a;b; = (@, b).
We have (ac, bc) = cc(a, b) = (ca, cb).
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Generalizing the classical map ¢:S> — SO(3), we define ¢: U(A) — GL;3(A)
by sending ¢ to the map a — qaq~! of Ai + Aj + Ak to itself. This space
consists of the elements a with (a, 1) = 0 and so is stable under conjugation
by q. Clearly ¢ commutes with automorphisms of 4 such as o. Choose
g = Xo+ X1i +X2j +x3k. Then gg =1 so g liesin U(A). Since o(q) = ig
by the definition of ¢ we have a(¢(q))¢(q)™! = 0(iq)p(q)~! = ¢(i) = J as
required. Therefore J is a coboundary so P® P~! @ R is free.

Remark. Explicitly,

2(xox3 + X1x3)  xF—xP+x2—x2  2(xx3— XoX1)

2(x1x3 — X0X2) 2xox1 + X2x3)  X§ =X} =X} +x3

(xg +x2—x3-x2  2(x1x — XoX3) 2(xox2 + X1X3) )
p(q) =

Using this it is easy to verify directly that J = a(¢(q))@(q)~". Also, if D is
the coordinate ring of SO(3), the map D — A = Ae.en induced by ¢ is
easily checked to be onto and therefore an isomorphism since both domains
have dimension 3.

Clearly R = A% can be regarded as a ring of functions on X = S0(3)/C; =
S3/G . We will show that P @ P~! is not free by using the results of §2.

Lemma 4.12. P induces the bundle L on X .

Proof. Consider the inclusion S! = SO(2)/C; — X = SO(3)/C,. Since
HY(X,Z/2Z) — H'(S',Z/2Z) = Z/2Z is an isomorphism, it is enough to
show that P induces the Mobius bundle on S'.

The restriction map C(S3) — C(S!) induces the homomorphism 4 — C
sending xo to x, x; to ¥, and x; and x3 to 0. This in turn induces a map
A% — CG corresponding to S! = S'/G — X = S?/G and the results at the
beginning of this section show that CC is just the coordinate ring of S! =
S!/G. In particular, the nontrivial element of Pic(C®) induces the Mobius
bundle on S'. The map H!(G, A*) — H'(G, C*) is an isomorphism since
A* = C* = {1}. Therefore Pic(4%) — Pic(C?) is nontrivial and hence an
isomorphism, both groups being Z/2Z.

Lemma 4.13. R = ASY is rational over R.

Proof. Recall that 4 =R[xo, ..., x3]/(x2+---+x3—1) with G=(g:0*=1)
acting on 4 by o(xg, X1, X2, x3) = (=X, X0, —X3, X2). Therefore o2 acts
by sending x; to —x; for all i. Let K be the quotient field of 4. Then
K =R, &, &, p) where & = x;/xo and p = 1/xo. Here ¢, ¢,, and &3,
are fixed by o2 while p issentto —p. Since p? = 1 + & + &3 + &2, it is clear
that the subfield K fixed by o2 is L = R(&;, &, &3). Now a = &¢&3/&) is fixed
by o. If welet F =R(a), then L = F(£,¢&) and g acts by (&) = —¢;!
and d(&) = oy ' Since ¢ acts monomially, it follows from a theorem of
Hajja [H, Theorem 4] that L is rational over F and hence over R.

5. KNOWN RESULTS

For the reader’s convenience, I will recall here some standard results on the
special linear group, complex spheres, and G,,-bundles.
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The real coordinate ring Agr of SU(n) has generators x;; and y;; with
relations expressing the fact that the matrix Z = (z,,) with z,, = X, + iy

satisfies the relations Z ' Z = I and det(Z) = 1.

Let A be the coordinate ring of SL3 over C.
Lemma 5.1. C®g Ag — 4.
Proof. Over C, we can change the variables from x;; and y;; to z;; and Z;;
where Z;j = x;; — iy;j. Since Z'z=1 , the variables Z;; are superfluous and,
after eliminating them, the only remaining relation is det(Z) =1.
Lemma 5.2. A is a smooth rational domain of dimension n? — 1.
Proof. If my, is the cofactor of z,, in the matrix Z = (z,,), then A[m)
is clearly a localization of the polynomial ring of the n2 —1 variables z, g With
(a, B) # (u, v). Since the minors corresponding to any row span the unit ideal,
it follows that 4 is smooth. Since we can find matrices with all minors nonzero,

the corresponding affine pieces of SL,(C) overlap nontrivially showing that
SL,(C) is irreducible, so 4 is a domain.

If B is a finitely generated R-algebra, let Vz(B) be the set of R-algebra
homomorphisms f: B — R. Let by, ..., b, generate B and embed Vz(B) in

R" by sending f to (f(by), ..., f(bs)).
Lemma 5.3. dim Viz(B) < dimB.

Proof. By Noether’s normalization lemma, B is integral over a polynomial ring
C = R[x, ..., x4] where d = dimB. The inclusion C C B induces a map
Vr(B) — Vg(C) = R? with finite fibers and the result follows.

Let Cr(X) denote the ring of continuous real functions on X .
Lemma 5.4. Ar — Cr(SU(n)) is injective.
Tensoring with C shows that 4 — C(SU(n)) is also injective.

Proof. Let B be the image of Agr — Cgr(SU(n)). If this map is not injective,
B is a proper quotient of A and so dimB < n? — 1. Since Vz(B) = SU(n)
has dimension n? — 1, this contradicts Lemma 5.3.

Define the “complex n-sphere” SC” to be
SC"={(z0, ..., zn) €EC™Y2Z + .-+ 22 = 1}.
The following fact is presumably also well known.

Lemma 5.5. SC" is diffeomorphic to the tangent bundle T(S") of S".

Proof. Let z, = x, + iy, with x, and y, in R**!. Then SC" is defined by
the equations Y x2 -3 y2 =1 and Y x,», = 0. On the other hand, T(S")
is the set of (¢, y) in R™! x R"*! satisfying 3 t2 =1 and 3 ¢,y, =0. The
required diffeomorphism is given by ¢ = x/|x| and x = (1 + ¥ y2)!/2¢.

Corollary 5.6. The inclusion S" C SC" is a homotopy equivalence.

Remark. The tangent bundle 7(S2) has another algebraic structure obtained
by identifying S? with the complex projective line PL. In contrast to SC?,
this structure is not affine since the zero section is a subvariety isomorphic to
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P'. Thus T(S?) is a simple example of a real 4-manifold with two distinct
structures as a complex variety.

We now recall some standard results on G,,-actions as motivation for the
construction given in §6. If G,, = SpecZ[t, =] acts on an affine scheme
X = SpecA, the map G,, x X — X corresponds to amap ¢ : 4 — A[t, t7'].
Write ¢(a) = >_en(a)t" where e,: A — A. For each a, e,(a) =0 except for
a finite number of n. The relation 1.x = x translates into Y e,(a) =a, and
the relation ag(ta) = (o7)a is easily checked to be equivalent to e,,(e,(a)) =0
for m # n, and e,(en(a)) = en(a). Therefore the e, are orthogonal idempo-
tents so 4 = @ A,, where 4, = ime,. Also, the condition that ¢ be a ring
homomorphism is equivalent to A, - A; C Ap44. This shows that a Gp,-action
on SpecA is equivalent to a Z-granding of A. If f: Spec4 — SpecB is
a principal G,,-bundle, 4 must look locally like B[t, t~!] with the obvious
grading. It follows that B = Aj. In particular, we see that Spec A is smooth
if and only if SpecB is. It is enough to check this locally and it is clear that
B[t, t~'] is smooth if and only if B is.

It is easy to determine the required grading in a specific example since if
a € G,,(C) then a: SpecA — Spec A induces the map 4 — A4 sending > a,
to Y apa”.

6. ALGEBRAIC EXAMPLES (COMPLEX)

We first construct a coordinate ring for X = SU(3)/S! where S! consists
of the matrices

1 0 O
(6.1) 0 a O
0 0 !

with c € C, |a|=1.

By analogy with Lemma 5.1, we will do this by working with SL;(C) instead.
Let T be the subgroup of SL3;(C) consisting of all matrices (6.1) with a € C*,
and let X' = SL3(C)/T. Note that X = SU(3)/S! — X’ is a homotopy
equivalence since SU(3) — SL3(C) and S! — C* are, and considering the
homotopy sequences of the fibrations

S! — SUGB) —— X

! l !

C* —— SL3(C) — X'

shows that X — X’ induces an isomorphism of homotopy groups.

Now let A be the coordinate ring of SL; over C, and let G,,(C) & T act
by right multiplication on SL;. Following the discussion at the end of §5, we
define a grading 4 = @ 4, on A4 by letting degz;; =0 if j=1,1if j=2,
and —1 if j=3. Let Z" be the inverse of Z and define detz; j = —degz;;

making Z'Z=1Ia homogeneous equation. If S is the matrix given by (6.1)
then the mapping Z — ZS corresponds to the automorphism of 4 which is
induced by multiplication by o” on A,. Let B = Ay, the set of elements of
degree 0. Then B is the set of elements of A invariant under the action of S
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so B can be regarded as a ring of functions on X = SU(3)/S! as well as the
coordinate ring of X’ = SL3(C)/T.

Lemma 6.1. A is locally (on Spec B) isomorphic to B[t,t™'].

Proof. We have Y Zjyzj, = 1 so, if a; = Zj;zj,, it is enough to prove that
A[aj"] = B[aj"][t, t=11 for some ¢. But this is true with ¢ = z;, since this is
a unit of degree 1 in A[a;"].

Lemma 6.2. B is a smooth rational C-algebra.

Proof. B is smooth by Lemma 5.2 and the remarks at the end of §5. Referring
to the proof of Lemma 6.1, we see that it will suffice to show that B[al‘l] is
rational. This is a localization of A/(z;; — 1) which is the coordinate ring
of the subvariety W of SL3;(C) consisting of matrices with z;; = 1. Such
matrices can be reduced to the form ( o) with M € SL,(C) by a canonically
chosen series of elementary transformations. This shows that W = C*x SL,(C)

showing that W is rational by Lemma 5.2.

We choose P = A_;, which is a finitely generated projective B-module of
rank 1 with P~! =~ A4,. This follows immediately from Lemma 6.1 since the
analogous statement for B[, t~!] is trivial.

Theorem 6.3. P ® P! is not free but P ® P~! & B is free.

Proof. Let ¢9: A — A be defined by (a,b,c) — (a,b,c)Z = (a, b, c)(zij)
(matrix product). This is an automorphism with inverse ¢~': (a, b, c) —
(a, b, c)?T. Clearly ¢ sends Ag® Ao Ay to Agd A, ®A_, while p~! sends
Ao DA @ A_; to Ay ® Ay ® Ag. Therefore ¢: B3 = Ag X AyDA DA =
Ba® P '@ P. The fact that P @ P! is not free follows from the next lemma
and the results of §3.

Lemma 6.4. P induces the line bundle L of §3 on X .

Proof. The line bundle L is the complex vector bundle associated to the prin-
cipal bundle S! — SU(3) —» X. The map S! — SU(3) sends a € S! to the
matrix S given in (6.1). Therefore, L is the quotient (SU(3) x C)/ ~ where
(Z,al)~(ZS, ) for a € S'. Let Z' denote the imagein X of Z € SU(3).
A section of L is givenby Z’' — (Z, ¢(Z)) where (ZS, ¢(ZS)) =(Z, ¢(Z))
for a € S! or, equivalently, ¢(ZS) = a~'¢(Z). If ¢ belongs to the ring
A, this is exactly the condition that ¢ = 4_; = P. Therefore we have a
map P — I'(L) which is clearly a B-homomorphism and so induces a map
C(X)®p P —TI'(L). This corresponds to a map of line bundles £ — L where
E is the bundle induced by P. To see that E ~ L it is enough to check that
E, — L, is nonzero at all points x of X . This is clear since the Z;; lie in
A_; = P and one will be nonzero at x.

To get a 5 dimensional example as required by Theorem 1 (3) we can consider
the space S? U, e as in §3, but a slight modification of this will be more
convenient. _

In the following lemma a, @, b, b, ¢, C can be any elements satisfying
the given relation (not necessarily complex conjugates).
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Lemma 6.5. If aa + bb + ¢t = 1, then the matrix

l1-(a+a)a (a+a)d (a +a)c B
ab +ic —b2—F —iab¢  —bc+bc + ia + iabb
ac—ib  —-bc+bc—ia-iacc -c*-b +iabc

has determinant 1.

Now let S5 ¢ C? with coordinates (a, b, ¢) and let @, b, ¢ be the complex
conjugatesof a, b, ¢. Let ¢: S5 — SL3(C) bysending (a, b, ¢) to the matrix
obtained from that of Lemma 6.5 by the following elementary transformations

ROW]

Row; —(ab + i¢) Row,

Rows; —(@c — ib) Row,
These elementary transformations were chosen so that the equator S* of §°
defined by a +a =0 is mapped into SL,(C) (the subgroup with first row and
column (100)) by ¢. Let n: SL3(C) — C3>—{0} by sending o to its first row

pa where p=(1,0,0). Then np sends S* to p while the north and south
poles (+1,0,0) are sentto (—1,0,0).

Lemma 6.6. np maps S° onto S° C C* and each hemisphere maps onto S>
with degree 1.

Proof. In real coordinates (xg, xi, ..., Xs) with a = xo + ix;, etc., np is
given by me(xo, X1, ..., xs5) = (1 — 2x§ , 2X0X1 5 ..., 2X0Xs5) which clearly has
the described properties.

This map can be described geometrically as follows. Pinch the equator S* to
a point getting two spheres with a common point. Then fold these two spheres
into a single sphere, identifying the images of the north and south poles of the
original sphere.

As observed above, the restriction of ¢ to S* takes the form

p(x) = ((l) W?x)) ;

where, if a = ir with re R,
(X)—( ~b? -2 +rbe —bc+%;r—rb3)
v —bc+bc+r+rcc  -c2-b —rbc )

If we let @* be the restriction of ¢ to the upper hemisphere of S°, then
9*: ES — SL3(C) lifts the map E5 — E5/S* = S5, Therefore ¢*|S* = y
represents the image of the generator of 75(S°) = n5(C3 — {0}) under the map
0 in the homotopy sequence

75(C3 — {0}) 2 m4(H) — 74(SL3(C)) — ma(C? — {0})

of H— SL3(C) — C3 - {0}. Here H is the group of matrices in SL;(C) of

1 00
* ok ok |,
x k%

the form
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This clearly has the same homotopy type as SL,(C), embedded in SL;(C)

as
1 00
0 x x].
0 x

Since m4(SL3(C)) = m4(SU(3)) = m4(SU) = 0 and n4(H) = m4(SLy(C)) =
n4(SU(2)) = m4(S3) = Z/2Z , we see that y represents the generator of 74(H) .
Now consider the compositions

St X SLy(C) —— SLy(C)/T=Y

e

§5 Y SL3(C) —— SL3(C)/T =X’

We can find the coordinate ring of Y in the same way as that of X’ above.
If (25) is a generic matrix in SL,(C), we grade Cla, b, ¢, d]/(ad - bc—1),
the coordinate ring of SL,(C), by letting a and ¢ have degree 1 and letting b
and d have degree —1. The subring of elements of degree O then has generators
p=ab, g=ad, r =cb, s = cd with relations g —r = 1 and ps = qr.
Eliminating ¢, this reduces to ps = r(r + 1) which can be transformed to the
form 3+t +13 =1 bysetting to=g+r, ty =p-s, t,=i(p+s). Therefore
Y is the complex sphere SC? discussed in §5. The map SL,(C) — Y is, up to
homotopy, the Hopf map S3 — S$? as we see from the commutative diagram

SUQ2) —— 2

! !

SLy(C) —— Y

in which the vertical maps are homotopy equivalences. With the above choice of
coordinates ¢; , the right vertical map in this diagram is the canonical inclusion
S§2 ¢ SC? as is easily verified. Since y represents the generator of 74(H) =

74(SLy(C)), the composition S -5 SL,(C) — Y represents the generator of
n4(SC?) = m4(S?) =Z/2Z.
Taking coordinate rings of the spaces in (6.2) or, more precisely, in

S4 — Y

(6.3) 1 l

A —— ¢
gives us, after flipping the diagram over, the diagram of rings
B —— R5

Lo

Ry —— Ry

where R, =C[xo, ..., Xs]/(x}3+---+x2—1) so that R, is the coordinate ring
of Y and R4 and Rs are rings of functions on S* and S°.
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Let R’ be the pullback of

Rl-————>R5

(6.4) l l

Ry —— R4

and let R C R’ be any subring finitely generated over C and containing the
image of B — R’.

Let P be the rank 1 projective B-module considered in Theorem 6.3 and let
Q=R®pP. Then

Theorem 6.7. Q ® Q! is not free but Q ® Q~'! ® B is free.

Proof. The second assertion follows immediately from Theorem 6.3. For the
first assertion it will suffice to consider Q' = R’ ® P. We can regard R’ as a
ring of functions on the pushout Z of the diagram

S4 —— Y

(6.5) l l

S —Z

From diagram (6.3) we see that ¥ — X’ factorsas ¥ — Z — X' and
the map B — R’ is obtained from B — C(X’') — C(Z). The inclusions
SU(2) c SU(3) and SL,(C) c SL3(C) give us the diagram

S?2 — Y

Lo

X — X’

The top and bottom arrows are homotopy equivalences and we have seen in §3
that the left vertical map induces an isomorphism of H?(—, Z). The same is
therefore true of the right vertical map. It is also true of ¥ — Z since Z is
obtained from Y by attaching 5-cells (the two hemispheres of S3). Therefore,
the two maps X — X' — Z induce isomorphisms of H?(—, Z).

Let L' be the line bundle on X’ corresponding to C(X') ®p P. Then L’
induces the bundle L of Lemma 6.4 on X. The corresponding cohomology
class ¢;(L') € H*(X',Z) maps to ¢,(L) € H*(X, Z). Since ¢|(L) generates
H?(X,Z) by Lemma 6.4 and the results of §3, we see that ¢;(L’) generates
HX(X',1Z).

Let M be the line bundle on Z correspondingto C(Z)®r Q' = C(Z)QgP,
where Q' = R’ ®p P as above. Then M is the pullback of L’ under Z — X'
so ¢;(M) generates H%(Z , Z).

To show that Q' ® Q'~! is nontrivial, it will suffice to show that M @ M !
is nontrivial. By Lemma 3.1, it is enough to show that ¢;(M) is not spherical.
Now the maps S? — Y — Z induce isomorphisms of H?(—,Z) so c;(M)
maps to a generator of H2(S?, Z). If ¢;(M) is spherical, then by Lemma 3.2,
n4(S?) — m4(Z) will be injective and therefore 74(Y) — m4(Z) will also be
injective. But we have seen that the map S* — Y in diagram (6.5) represents
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the generator of n4(Y) = Z/2Z, and the composition S* — Y — Z is trivial
since it factors through S° which has 74(S°) =0.

To complete the proof of Theorem 1(3) we must show that R can be chosen
finitely generated and rational. Since R was any sub-C-algebra of the pullback
R’ which contains the image of B we can choose R finitely generated.

Lemma 6.8. The map R, — Ry in diagram (6.4) is injective.
Proof. We have R, =C[p,q,r,s]/(ps—qr,q—r—1) and

Ry=C[b,b,c,¢,r]/(r*+bb+ct—1)

in notations used above. The map R, — R, is given by S* 25 SL,(C) —» Y
and sends p, g, r, s to the four products of the form xy where x is an
entry from the first column of ¥ and y is an entry from the second column of
v . Map R4 to C[b, c] bysending r to 1 and b and ¢ to 0. The composition
R, - Ry — C[b, c] sends p, g, r, s to the four products formed from the

matrix
-b* —bc-1
(—bc +1 = )

so the image is the subring generated by 1, b2c?, b*(bc+ 1), and c*(bc—1).
Let D be the integral closure of the image and let K be the quotient field of
D. Then bc e D so (bc+1)~! and (bc—1)"! liein K. Therefore b? and c?
liein K and hence so do b and c. This shows that K = C(b, c). Since R; is
a domain of dimension 2, the map R, — C[b, c] must be injective otherwise
the image, and hence K, would have transcendence degree < 1.

Referring back to the definition (6.4) of R’, we now see that R’ — Rjs is
injective. The elements x; and xgx; lie in the kernel of Rs — R4 and so lie
in R'. If we choose R to contain these elements, it is clear that R will have
the some quotient field as Rs and so will be rational over C.

7. NONLIFTABLE DETERMINANTS (REAL CASE)

In this section, we will give an example to show that the map [X, BSO(n)] —
[X, BO(n)] is not injective in general. This problem turns out to be equivalent
to a lifting problem for determinants. Another version of this result will be
discussed later in §9.

Let C(X) be the ring of continuous real functions on X . If E is a vec-
tor bundle over X, we define an action of the group C(X)* on the fiber of
[X, BSO(n)] — [X, BO(n)] over E as follows. A preimage of E consists of
apair (E, ¢) where ¢ : \"E ~ @, @ being the trivial line bundle on X . If
B € Aut(@) = C(X)*, define fo(E, ¢)=(E, Bo). If (E, y) lies in the same
fiber, we have (E, y) = o (E, ¢) with B = wp~' € Aut(@). Therefore the
action of C(X)* is transitive on the fibers.

By taking determinants of endomorphisms of E fiberwise we get a determi-
nant map det: End(E) — C(X). Two pairs (E, ¢) and (E, B¢) represent
the same element of [X, BSO(n)] if and only if there is an automorphism «
of E suchthat poA"a = B¢ . Now A" a =det(a) in Aut(\" E) = C(X)* so
the requirement is that det(a) = f. Therefore the fiber over E is the cokernel
of det: Aut(F) — C(X)*.
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Let C(X); be the subgroup of f € C(X)* which are homotopic to 1 as maps
into R*. If f e C(X);, we can write f = g" for some g € C(X)*. This is
clear in the real case since f > 0. In the complex case we can lift f: X — C
to the n-fold covering C — C (where z — z") since f is homotopic to a
constant. If g € C(X)*, the map g: E — E given by multiplication by g
has det(g) = g" where n = rk E, showing that the subgroup C(X)g lies in
the image of Aut(E). This shows that the action of C(X)* on [X, BSO(n)]
factors through C(X)*/C(X); =[X, O(1)].

Lemma 7.1. Let E be a real vector bundle on X lying in the image of
[X, BSO(n)] — [X, BO(n)].
Then the fiber of the map [X , BSO(n)] — [X, BO(n)] over E is isomorphic to
the cokernel of det: Aut(E) — [X, O(1)] = [X, {£1}].
For a version applicable to nonorientable bundles see Corollary 9.5 below.

Corollary 7.2. If E is as in Lemma 7.1, then E has a unique preimage in
[X, BSO(n)] if and only if det: Aut(E) — [X, {x1}] is onto.

The following example of Ojanguren shows that the determinant need not be
onto.

Theorem 7.3 [O, §4]. Let E be the (real) tangent bundle to S**. Then the
preimage of E in [S?", BSO(2n)] consists of two distinct elements.

Proof. The two liftings (E, ¢) and (E, ) to [S?*, BSO(2n)] consist of E
with its two possible orientations. If y(E, ¢) € H?*(S?") denotes the Euler
class, it is well known [MS] that x(E, ) = —x(E, ¢) so (E, y) # (E, @)
since y(E, ¢)#0.

Corollary 7.4. If E is the real tangent bundle to S*", there is no automorphism
a of E with det(a) = -1.

Corollary 7.5. Let A = R[xo, ..., X22]/(x3 + -+ + x3, — 1) and let P be the
projective A-module defined by the unimodular row (xg, ..., X2,). Then if f
is any automorphism of P, det(f) > 0.

This follows from the well-known fact that P induces the bundle E [SV]
and 4* =R* [SM, Lemma 9.1].

Remark. There is no corresponding result for endomoprhisms of P. For ex-
ample, let 4 =R[x, y, z]/(x?+y?+ z2—1), so that P has generators a, 8,
y with the relation xa + yf+zy=0. Let f: P— P by

fla)=(1-2)a+2xzy,  f(B)=(1-2)B+2yzy, f(y)=(-1).

Then it is easy to see that det(f) = —(1 — z2)2 < 0. Here f fails to be an
isomorphism on the fibers over z = +1.

8. NONLIFTABLE DETERMINANTS (COMPLEX CASE)

The first two results of §7 have immediate analogues in the complex case with
exactly the same proofs.
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Lemma 8.1. Let E be a complex vector bundle on X lying in the image of
[X, BSU(n)] — [X, BU(n)]. Then the fiber of the map [X, BSU(n)] —
[X, BU(n)] over E is isomorphic to the cokernel of det: Aut(E) — [X, U(1)]
=[X, S1].

Corollary 8.2. If E is as in the Lemma 7.1, then E has a unique preimage in
[X, BSU(n)] if and only if det: Aut(E) — [X, S'] is onto.

It does not seem to be quite as easy to prove results like Theorem 7.3 in the
complex case since there is no obvious analogue of the Euler class which we can
use. However, similar results also hold in this case.

Recall that [S", BU(n)] = m,(BU(n)) = m,—1(U(n)). The element of
m,—1(U(n)) corresponding to a bundle is given by a clutching function on the
equator S"~! of §" [HFB, SFB].

Theorem 8.3. Let E — S" be either the rank 2 complex on S* corresponding
to the generator of n4BU(2) = Z, or the rank 2 complex bundle on S° corre-
sponding to the generator of nsBU(2) =Z/2Z. Let X = S" x S' and let p*E
be the pullback of E to X by the projection p: X — S™. Let q: X — S' be the
other projection. Then there is no automorphism a of p*E with det(a) =gq.

Algebraic descriptions of these bundles will be given below.

Proof. Let E be the given bundle with clutching function ¢. We can assume
that ¢: S"~! — SU(2) since m,_;(SU(2)) — m,—;(U(2)) is an isomorphism for
n > 3. We can also assume that c¢(x) = 1 where * is a basepoint of S"~!. Let
U be the upper hemisphere of S” andlet V' be the lower hemisphere. Write the
points of U xC2 as (u, x)y and those of ¥ xC? as (v, x)y. Then E = (U x
C?)U(V x C?) with the identification (u, x)y = (u, c(u)x)y for u € S"~! and
therefore p*E = (U xS xC2)U(V xS xC?) with (u, s, x)y = (u, s, c(u)x)y
for u € S"~1. Now if a is an automorphism of p*E, its restriction to U x
ST x C? takes the form a(u, s, x)y = (u, s, B(u, s)x)y and its restriction to
V xS!'xC? takes the form a(u, s, x)y = (u, s, y(u, s)x)y , where B(u, s) and
y(u, s) lie in GLy(C). For u € S"!, compatibility with the identifications
requires that a(u, s, x)y = a(u, s, c(u)x)y . Therefore (u, s, f(u, s)x)v =
(u,s, y(u, s)c(u)x)y. But (u,s, B(u, s)x)v = (u, s, c(u)B(u, s)x)y which
gives us the relation

(8.1) y(u, s)e(u) = c(w)B(u,s) forueS .

Suppose now that det(a) = g. Then det f(u,s) =s = dety(u,s). Let § be
the diagonal matrix (3?) in U(2). Then we have B(u,s) = §p(u,s) and
y(u,s) = S§y(u,s) where ¢(u,s) and y(u,s) lie in SLy(C). The relation
(8.1) becomes

(8.2) Sw(u, s)c(u) = c(uw)sp(u,s) foruesS" .

Now ¢(u, s) is defined on U x S! which has the homotopy type of S'. Since
SL,(C) is simply connected, ¢(u,s) ~ 1 (the constant map) and similarly,
w(u, s) ~ 1. Therefore, (8.2) shows that the two maps S"~! x S! — GL,(C)
sending (u, s) to Sc(u) and and c(u)§ are homotopic. This is equivalent to the
assertion that 6: S"~!xS! — GL,(C) by 0(u, s) = [§, c(u)] is homotopic to 1.
Conversely, if this is so, o exists. It suffices to set ¢(u, s) =1, define y(u, s)
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on $"~1 x S§! by (8.2), and observe that w(u,s) ~ 1 so w(u,s) extends to
V xS,

To prove the theorem, it will therefore suffice to show that 6 is not homotopic
to the constant map in the two cases considered in the theorem. Note that 6
maps S"~! x §! to SU(2) c SLy(C). Since SU(2) — SL,(C) is a homotopy
equivalence and GL,(C) is homeomorphic to SL;(C) x C*, it will be enough
to show that 6 is not homotopically trivial as a map into SU(2).

Now 6 sends S*~1vS! = (S"!x1)U(xxS!) to 1. Since SU(2) =S3 is
2-connected, it will suffice, by Lemma 9.1 and Corollary 9.2, to show that 0 is
nontrivial in [(§"~!xS')/(*xS'), SU(2)]. But (S" !xS8!)/(xxS!) ~ S"~1vS"
(see the remark below) and [S"~!vS", SU(2)] = [S"!, SU(2)]x[S", SU(2)].
The image of 6 in [S"~!, SU(2)] is trivial as observed above, so it will suffice
to show that the map 6: S" = (S"~! x §1)/(S"~! v S!) - SU(2) is nontrivial.

Remark. The fact that (S? x S79)/(x x $9) ~ SP v §P*9 can be seen as follows.
By [Br, 4.7], S? x 89 = eOUeP UedUeP* so (SP x S9)/(x x S7) = ePUeP UePtd
with e®Ue? = SP x x. Since S? = S x * — (S? x §9)/(x x S9) — SP (by the
projection) is the identity map, the attaching map e?*9~! — SP for e?*9 must
be homotopic to the constant map. Now apply [Br, 7.5.5].

Recall that the group SU(2) is isomorphic to the group S of unit quater-
nions, the matrix (_ g) corresponding to the quaternion a + bj. It is easy
to check that conjugation by § on SU(2) corresponds to the action on S3
sending a + bj to a +sbj. Therefore, if we let c(u) in SU(2) correspond to
a+bj=a(u)+b(u)j in S3,the map 0: S" ! xS! - SU(2) =S3 is given by
O(u,s)=(a+sbj)a+bj) ' =1+(s—-Dbjla+bj)"' =1+(s—1)bj(@a-bj) =
14(s—1)|b|>*+(s—1)abj . In particular, the i-coordinate of 6(u, s) is |b|>Ims.

Choose the equator of S” = (§"~! x.S!)/(S"~1vS!) to be given by the image
of 8"~1! x —1. This clearly contains the image * of S"~!vS!=(S""!x 1)U
(*» x S'). We choose the upper hemisphere to be given by Ims > 0 and the
lower hemisphere to be given by Ims < 0. If we choose the upper and lower
hemispheres of S3 to be given by the i-coordinate, it follows that 6’ maps the
upper hemisphere of S” to the upper hemisphere of S3 and similarly for the
lower hemispheres. Therefore 6’ is the suspension of the map 7: S"~! — S?
given by restricting 6’ to the equators, i.e., by setting s = —1. This map sends
u to 1-2|b|>-2abj = |a|*—|b|*—2abj, lying in the unit sphere of R+Rj+Rk .
This is exactly the formula for the Hopf map 4: S? — S? so it follows that 6’

. R .. _ h .
is the suspension of the composition S"~! - §3 2, S2 or, in other words,

0 =ZhoZc.

Recall that if we define n, = colimn,,,(S*) as k — oo, then @ =, is an
algebra under composition, 7; = Z/2Z, generated by 7 the image of the Hopf
map h, and n, = Z/2Z, generated by 5? = non [Hu, Chapter XI, §15]. For
the first bundle considered in Theorem 8.3, we have ¢ = 1 so the image of 6’ in
7, is the generator and hence is nontrivial. For the second bundle considered,
¢ = Zh [Hu, loc. cit.] so the image of 6’ in =, is the generator % which is
also nontrivial. .

Corollary 8.4. If E isas in Theorem 8.3, the preimage of E in [S"xS', BSU(2)]
has 2 elements.
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Proof. As observed above, E has an SU(2) structure so the preimage is non-
empty. We have [S"xS!, S!] = Z generated by ¢q. Since g2 is the determinant
of multiplication by ¢ on E, the result follows from Lemma 8.1 and Theorem
8.3.

We can give algebraic descriptions of the two bundles as follows.

(1) Let A = R[¢, X0, ..., X3]/(t* + x} + --- + x2 — 1) be the coordinate
ring of S* considered as the unit sphere of R x H. Define an idempotent
endomorphism p of the free module (H ®g A)? by p(y1,y2) = 01, y2)M
where M is the matrix

1(1-t ¢
2 ( 7 1+ z)

with ¢ = xo + X1 + X2j + x3k . The image of p is a rank 1 projective module
P over Heg A. We regard P as a rank 2 projective module over the subring
R=CerA4=Clt,xp,..., Xx3]/( +x+---+x?—1). By [SV, p. 276] and
[SFB, 20.4], this has the Hopf bundle S7 — S* as associated principal bundle.
This corresponds to the generator of n4BU(2) =Z.

(2) Let R = C[xg, ..., Xs]/(x} + -+~ + x2 — 1) be the complex coordinate
ring of S3. Set z; =xo+ix;, zo =Xy +ix3, z3=Xx4+ ixs and let P be the
projective R-module defined by the unimodular row (z,, z, z3). By [ST, p.
433], P defines a nontrivial vector bundle on S° as required.

Corollary 8.5. Let R and P be as in one of the two examples just cited. Then
there is no automorphism o of P[t, t™']1 = R[t, t"'|®r P such that det(a) = 1.

9. BASED HOMOTOPIES

I will give here a brief discussion of the relation between free homotopies
and basepoint preserving homotopies with emphasis on the case of classifying
spaces. This problem is closely related to the one discussed in §7.

Let X be a CW-complex and Y a subcomplex of X . As usual we define
X/Y by taking the disjoint union X Ux of X with a point and identifying all
points of Y with x. Therefore X/Y is X Ux if Y is empty and otherwise is
the space obtained by collapsing Y to a point.

Definition. If X and Y are spaces with basepoint let [X, Y3] denote the set
of homotopy classes of maps of X to Y which preserve the basepoint, the
homotopies also being required to preserve the basepoint (notation as in [HFB,
Chapter 1, §4]). Let [X, Y] denote, as above, the set of homotopy classes of
maps of X to Y which are not required to preserve the basepoint.

Up to now we have been considering [X, Y]. The object of this section is
to study the relation between [X, Y] and [X, Y]o. There is clearly a map
[X, Y]o— [X, Y]. In general this is neither injective nor surjective.

Lemma 9.1. Let Z be an n-connected space. Then

() If dimY < n, then [X]Y, Z)o — [X, Z] is surjective.

Q) IfdimY <n-—1, then [X/Y, Z]o — [X, Z] is bijective.
Proof. If f: X - Z and dimY < n, we can deform f|Y to the basepoint. By
the homotopy extension theorem, the homotopy can be extended to one of f
showing that the map is onto. Suppose that dimY <n-1. Let f, g: X/Y —
Z preserving the basepoint, and suppose that f ~ ¢ as maps X — Z via
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a homotopy 4: X x I — Z . This factors through 4A: W — Z where W =
(X xI)/(Y x0)U(Y x1). Let V=(Y xI)/(Y x0)U(Y x 1) be the image of
Y x I in W . Since this has dimension < n, there is a homotopy of 4’|V to
the constant map keeping the basepoint fixed. Patching this with the constant
homotopy on X x 0 and X x 1 gives a homotopy of (X x 0)U(X x 1)UV .
Extend this to a homotopy H: W x I — Z of h’'. Then H|W x 1 gives the
required homotopy of f and g as maps of X/Y to Z.

Corollary 9.2 [BR, p. 230, Exercise 10]. If Z is O-connected, then [X, Z]y —
[X, Z] is surjective. If Z is 1-connected, it is bijective.

We can get more precise information in the non-simply-connected case by
defining a right action of n;(Z) on [X, Z]p. Let xo and z( be the basepoints
of X and Z. Let f: X — Z with f(x9) = xo and let w bealoopat zy. Then
t — w(t) is a homotopy of f |x0 which we extend to a homotopy A: X xI — Z
with #|X x0=f and flxoxI=w. Let g=f|X x 1. We write fow=g
for convenience although this depends on the choice of 4.

It is not hard to see that we can define a right action of #;(Z) on [X, Z]o
by setting [f]o[w] = [g] (cf. [SFB, 16.1]), and that [X, Z]o/n,(Z) - [X, Z]o
is bijective if Z is O-connected. For the present purposes we will only need the
definition of fow.

By Corollary 9.2, [X, BSO(n)], [X, BU(n)], and [X, BSU(n)] will be the
same whether we consider [ , Jo or [ , ]. The following result explains the
remaining situation.

Theorem 9.3. [X, BO(n))o classifies isomorphism classes of real rank n vector
bundles on X with a specified orientation on the fiber over the basepoint.

Corollary 9.4. If X is 1-connected, then [X , BSO(n)] — [X, BO(n))o is bijec-
tive.

This follows from the fact that all vector bundles on a simply connected space
are orientable so orienting the fiber over the basepoint is equivalent to orienting
the bundle. It is also clear directly since each map X — BO(n) has a unique
lift to BSO(n) preserving the basepoint.

The following gives a generalization of Lemma 7.1 to the case of not neces-
sarily orientable bundles.

Corollary 9.5. Let X be a connected space and let E be a real rank n vec-
tor bundle on X, classified by a map f: X — BO(n). Then E has an au-
tomorphism with determinant —1 if and only if the preimage of [f] under
[X, BO(n)]o — [X, BO(n)] consists of a single element.

Proof. Choose an orientation for the fiber of E over the basepoint. An au-
tomorphism with determinant —1 will reverse this orientation showing that
the two possible orientations give isomorphic bundles. Conversely, an auto-
morphism of the bundle which reverses the orientation over the basepoint will
necessarily have a negative determinant 4 at all points since X is connected.
Dividing the automorphism by |d|!/" gives the required automorphism.

Proof of Theorem 9.3. Let fo, fi: X — BO(n) and let E; = & where & is
the canonical bundle on BO(n). If fy ~ f;, we get an isomorphism Ej = E,
as follows. Let h: X x I — BO(n) be a homotopy between fy and f;. By a
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standard fact about bundles [HFB, SFB], there is an isomorphism y: E x I =
h*& for some bundle E on X . Let y; be the restriction of v to E x i for
i=0,1. Then y;: E~E; so yiy;': Eg~ E;. Write F; for the fiber of E;
over the basepoint xy and F for the fiber of E. Let A’ be the restriction of A
to xoxI. Let ¢ be the restrictionof y: ExI ~ h*& to ¢: FxI ~ h'"*& . Then
iy, ! restricts to the isomorphism P19y 1 Fy = F;, where ¢; is the restriction
of ¢ to Fxi for i=0, 1. A different choice ¥’ for y leads to a new map
¢': F xI ~ h*& and we can write ¢’ = po where ¢ is an automorphism
of F x I over I. It follows that ¢jp;' = ¢1010;'¢;'. Now F = R”
so o has the form o(x,t) = (y(t)x,t) where y: I — GL,(R). Therefore
010, = y(1)y(0)~" ~ y(0)y(0)~! = 1 so ayg; ' preserves orientation. This
shows that the sign ¢(4) of the determinant of ¢,¢; . Fy ~ F; depends only
on h and not on the choice of y . To find the value of &(h) it is sufficient to
consider the case where X is a point.

Lemma 9.6. Let h: I — BO(n) send 0 and 1 to the basepoint . Then &(h) = 1
ifand only if [h} =1 in 7 (BO(n)).

Proof. Consider the diagram
BSO(n) —Z— BSO(n)

BO(n) —=— BO(n)

where o is the covering transformation. We have n*& = &', the canonical
bundle on BSO(n) and the diagram shows that ¢*&’' = &'. However, the
orientation must be reversed otherwise it would descend to an orientation of &
which would imply that all O(n) bundles are orientable.

Let {*,, *2} be the fiber of BSO(n) — BO(n) over the basepoint *. Let
F Dbe the fiber of & over , and let % be the fiber of &’ over *;. Then
n induces isomorphisms # ~ ¥ =~ % . The composition is given by ¢ so if
we orient ¥ to make # ~ & preserve orientation, it follows that & ~ %
reverses orientation.

Lift h to h': I — BSO(n) with h'(0) = ;. Let h! = h'|{i} for i =0, 1
and similarly for 4. Choose an isomorphism h*& = h'+« &’ ~ F x I and orient
F so that h'*&’ ~ F x I preserves orientation. The diagram

Fx0 — hr& =5

1L

Fx0—— h&=5%

shows that F — h3& preserves orientation. Let H'(1) = x; and consider the
diagram

Fxl — h'&' =5,

11

Fxl — m&=%
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This shows that j = 1 if and only if F — h{& preserves orientation. Therefore
e(h) =1 if and only if A’(1) = x; which is equivalent to [#] =1 in 7, (BO(n))
since m;(BSO(n)) =0.

Now, returning to the proof of the theorem, let w represent a nontrivial loop
at x in BO(n). If E is a bundle on X, we can find f: X — BO(n) with
f*& ~ E . If the orientations do not agree over *, replace f by fow. This
shows that [X', BO(n)]o maps onto the specified set of isomorphism classes,
and that under this map, the action of 7;(BO(n)) on [X, BO(n)]y corresponds
to reversing the orientation on the fiber over the basepoint.

To show that two maps giving the same isomorphism class are homotopic,
we proceed as in [SFB, 19.3]. Let fy, fi: X — BO(n), write E; = f*& , and let
9:Eg=FE,.Let E=EyxI] asabundleover X x/I,let Y = (X x0)u(Xx1),
andlet f:Y — BO(n) by fo on Xx0 and f; on Xx1. Define n: E|Y = f*&
by the identity over X x0 and ¢ over X x 1. By [SFB, 19.2], (f, n) extends to
(h, y) where h: X x I — BO(n) (showing that h: fo~ f}) and y: E =~ h*& .
Note that the isomorphism ¢ is obtained from (4, y) by the construction
considered above preceding Lemma 9.6.

Suppose now that ¢ preserves the orientation over the basepoint xg. Let
W= h|xo x I. By Lemma 9.6, [w] =1 in m;(BO(n)). The homotopy w ~ 1
can be extended, as in the proof of 9.1, to a homotopy 4 ~ k fixing fy and f;.
This k now gives the required homotopy of f; and f; fixing the basepoint.
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